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In this work, a constitutive model based on anisotropic hardening was used in the ﬁnite element (FE) sim-
ulations of springback and its performance was compared with that of conventional hardening laws. The
homogeneous yield function-based anisotropic hardening (HAH) model (Barlat et al., 2011), considered in
this work, describes a partial distortion of the yield surface under plastic loading. Although it does not use
the concept of kinematic hardening, the HAH model was able to predict the complex material behavior
upon load reversals such as the Bauschinger effect, transient hardening and permanent softening. For the
application to springback, FE simulations were conducted for U-draw/bending of base (as-received) and
pre-strained DP780 steel sheets, which was recently proposed as one of the Numisheet 2011 benchmark
problems. The predictions with the HAH model, combined with a non-quadratic anisotropic yield func-
tion and a plastic strain-dependent unloading modulus, were in good agreement with experimental
results for both as-received and pre-strained DP780 sheets.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
In sheet metal forming processes, the material experiences an
elastic recovery when it is released from the tools. This phenome-
non is called springback and is accompanied with undesirable
shape changes. Since higher material strengths increase the
amount of springback, it has become an important issue in auto-
motive industries who attempt to utilize high strength steel sheets
for manufacturing automotive parts (Lee et al., 2011b). For this rea-
son, great efforts have been made to obtain accurate springback
predictions by means of ﬁnite element (FE) simulations. The anal-
ysis of real parts would be practical for industrial applications, but
it is difﬁcult to deﬁne and interpret springback with such compli-
cated geometries. Instead, typical bending problems have been of-
ten considered, such as V-bending (Uemori et al., 1998), cylindrical
bending (Lee et al., 2005a; Yoon et al., 2002), draw-bending (Car-
den et al., 2002; Li et al., 2002; Kim et al., 2009) and U-draw/bend-
ing (Eggertsen and Mattiasson, 2009; Lee et al., 2005a; Meinders
et al., 2008; Pourboghrat and Chu, 1995; Taylor et al., 1995).
In U-draw/bending (well known as Numisheet’93 benchmark
problem), the material in sidewall undergoes bending-reverse
bending and unloading. Therefore, in order to predict springback
accurately, a proper hardening law which can reasonably describe
reverse loading behavior should be used. A typical stress–strainll rights reserved.
: +82 54 279 9299.curve under reverse loading is illustrated in Fig. 1. Four main char-
acteristics are indicated in this ﬁgure – the Bauschinger effect,
transient behavior, work-hardening stagnation and permanent
softening (Boger et al., 2005; Kim et al., 2012; Yoshida and Uemori,
2003). Since the classical isotropic hardening law cannot capture
these characteristics, the concept of kinematic hardening was
introduced. In the linear kinematic hardening models by Prager
(1956) and Ziegler (1959), the Bauschinger effect is considered
but the nonlinear stress–strain behavior cannot be captured. In
the nonlinear kinematic hardening models by Armstrong and Fred-
erick (1966) and Chaboche (1986), the transient behavior is also
described in addition to the Bauschinger effect. Further modiﬁca-
tions of the Chaboche model improved the overall description of
reverse loading characteristics (Chung et al., 2005; Geng and Wag-
oner, 2000; Lee et al., 2007a, 2009; Yoshida and Uemori, 2002). For
instance, Geng andWagoner (2000) modiﬁed the model so that the
permanent softening is taken into account. Yoshida and Uemori
(2002) further improved the model in order to describe all four
characteristics shown in Fig. 1 including work-hardening stagna-
tion. So far, it was reported many times that the use of Chaboche,
Geng–Wagoner or Yoshida–Uemori model led to fairly good pre-
dictions for U-draw/bending (Eggertsen and Mattiasson, 2009;
Lee et al., 2005a; Yoshida and Uemori, 2003).
If the material experiences more complex deformation during
sheet forming, the prediction of the resulting springback would
be more challenging. In the U-draw/bending test with pre-strained
sheets, introduced as a Numisheet 2011 benchmark problem
Fig. 1. Illustration of stress–strain curve under reverse loading (dotted: isotropic
hardening prediction).
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direction (in the rolling direction) and subjected to U-draw/
bending. For a low blank holding force, some parts of the material
in the sidewall are deformed by tension–compression–tension.
Therefore, a reliable springback prediction may require the use of
a hardening law, which well describes not only reverse but also a
few-cycle loading. Eggertsen and Mattiasson (2011) investigated
the performance of existing kinematic hardening laws under half-
cycle (forward-reverse) and two-cycle loading, and they veriﬁed
that some of the hardening models well predicted the ﬂow curve
for reverse loading but not for a few-cycle loading. This result
suggests that, even though a certain hardening model provides a
good prediction in U-draw/bending, it is not guaranteed for other
problems such as pre-strained U-draw/bending. In this context, it
might worth verifying the appropriateness of existing kinematic
hardening models under a few-cycle loading for their applications
to the pre-strained U-draw/bending.
Although hardly considered in the springback studies, various
kinds of distortional hardening models have been proposed in
association with kinematic hardening. For example, Ortiz and Po-
pov (1983) expressed the effective stress as a Fourier-type expan-
sion involving the stress tensor and some variables deﬁning the
orientation of distorted yield surface. Voyiadjis and Foroozesh
(1990) introduced a fourth order tensor, whose evolution induces
a directional distortion of yield surface, and Feigenbaum and Daf-
alias (2007) used a similar approach within a thermodynamic
framework. Kurtyka and Zyczkowski (1996) proposed a hardening
model which includes all elements of transformation of the initial
yield surface, namely, proportional expansion, translation, linear
and non-linear distortions, and rotation. François (2001) intro-
duced a variable named distorted stress deviator, and obtained
an egg-shape yield surface. All these proposed models, however,
are combined with kinematic hardening and describe the Bausch-
inger effect using a kinematic hardening component (i.e., back
stress). Recently, Barlat et al. (2011) proposed a different approach
so called homogeneous yield function-based anisotropic hardening
(or simply HAH). In this model, the yield surface does not translate
in stress space, but its shape is distorted in a way that the surface
near the loading direction expands just as classical isotropic hard-
ening, but its opposite side is ﬂattened. This model includes a state
variable, called the microstructure deviator, which memorizes the
previous loading history and can describe various strain path
change effects. The capability of the HAH model to capture all four
characteristic shown in Fig. 1 for various loading path changes
without using the concept of kinematic hardening was demon-
strated (Barlat et al., 2011).Besides the hardening law, the inﬂuence of the yield criterion
and unloading modulus on springback predictions has also been
emphasized by several authors (Cleveland and Ghosh, 2002; Egg-
ertsen and Mattiasson, 2010; Geng and Wagoner, 2002; Lee
et al., 2007b; Sun and Wagoner, 2011; Yoshida et al., 2002). When
the specimen width is much larger than the thickness, draw-bend-
ing or U-draw/bending can be approximated as a plane strain prob-
lem. Since the stress–strain responses of sheet metals are generally
measured using uniaxial or balanced biaxial tension tests, a proper
yield function is necessary to predict the ﬂow behavior in the plane
strain mode. Moreover, the experimental observations showed
that the slope of the stress–strain curve is not constant during
unloading, but it gradually decreases as the stress approaches to
zero (Cleveland and Ghosh, 2002; Pérez et al., 2005; Sun and Wag-
oner, 2011; Yamaguchi et al., 1998; Yoshida et al., 2002). These
authors also reported that the average unloading modulus de-
creases as pre-strain increases. The unloading modulus tends to
saturate at a strain of about 0.2 for many types of steel sheets
and its reduction ranges from 10 to 30% of the initial modulus.
Therefore, it is also important to consider this phenomenon in
the constitutive modeling for springback simulations.
The objective of this study is to compare the performance of the
HAH model with that of other hardening models in the springback
prediction of the pre-strained U-draw/bending. Two types of con-
ventional hardening approaches are selected for this comparison,
namely, the isotropic and combined isotropic-kinematic hardening
models. In order to minimize the prediction inaccuracy caused by
other elements of the whole constitutive description, the non-qua-
dratic anisotropic yield function, Yld2000-2d (Barlat et al., 2003),
and the pre-strain dependent elastic modulus are combined in
the formulation. In Section 2, a brief review of the HAH model is
given and its implementation for FE application is explained. In
Section 3, the experimental procedures for U-draw/bending, uniax-
ial tension and uniaxial tension–compression–tension tests, which
are originally provided in the Numisheet 2011 benchmark problem
(Chung et al., 2011), are summarized. In Section 4, the complete
process of springback prediction is explained, i.e., the constitutive
modeling, FE modeling and simulation results. Finally, a detailed
analysis of the different hardening concepts and their inﬂuences
on springback prediction are discussed in Section 5.
2. Review on HAH model
2.1. Theory
A yield function is deﬁned as a combination of a stable / and a
ﬂuctuating /h component as (Barlat et al., 2011)
UðsÞ ¼ ½/q þ /qh
1
q ¼ ½/q þ f q1 jh^s : s jh^s : sjjq
þ f q2 jh^s : s jh^s : sjjq
1
q ¼ r ð1Þ
For the stable component, any isotropic or anisotropic homoge-
neous yield function of degree one can be used in the form /ðsÞ ¼ r
(r: effective stress). The ﬂuctuating component is a function of the
stress deviator s, microstructure deviator h^s, and state variables f1
and f2. q is an exponent that controls the shape of yield surface. The
microstructure deviator is introduced in order to memorize the
previous deformation history and is deﬁned as the normalized
traceless tensor hs
h^s ¼ h
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8
3h
s
: hs
q ð2Þ
At the ﬁrst plastic increment, hs is initialized to the correspond-
ing stress deviator s and kept constant as long as the loading direc-
tion is not changed. When the loading is changed so that hs– s, hs
evolves as described below
Fig. 2. Distortion of yield surface predicted by the HAHmodel (A) in initial state, (B)
after loading in the RD and (C) after subsequent reverse loading (RD: rolling
direction and TD: transverse direction). The von Mises yield criterion was assumed.
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dh^s
de
¼ k s^ 8
3
h^sðs^ : h^sÞ
 
ð3Þ
If s : h^s < 0,
dh^s
de
¼ k s^þ 8
3
h^sðs^ : h^sÞ
 
ð4Þ
where s^ is equivalent to s but normalized in the manner of Eq. (2).
These evolution laws rotate h^s from its initial value representing the
previous loading, towards s^ corresponding to the new loading, at a
rate controlled by k. f1 and f2 in Eq. (1) are functions of two state
variables g1 and g2, which physically represent the ratio of the cur-
rent ﬂow stress to that of the hypothetical associated isotropic
hardening material
f1 ¼ ½gq1  1
1
q and f 2 ¼ ½gq2  1
1
q ð5Þ
In the initial state, there is no contribution of the ﬂuctuating
component and the yield function U is the same as its stable com-
ponent /. Therefore, f1 = f2 = 0, or equivalently g1 = g2 = 1. If the
material is plastically loaded, the state variables evolve according
to the following relationships
If s : h^s P 0,
dg1
de
¼ k2 k3 Hð0ÞHðeÞ  g1
 
ð6Þ
dg2
de
¼ k1 g3  g2g2
ð7Þ
dg4
de
¼ k5ðk4  g4Þ ð8Þ
If s : h^s < 0,
dg1
de
¼ k1 g4  g1g1
ð9Þ
dg2
de
¼ k2 k3 Hð0ÞHðeÞ  g2
 
ð10Þ
dg3
de
¼ k5ðk4  g3Þ ð11Þ
Here, HðeÞ is the classical isotropic hardening curve and k1  k5
are material coefﬁcients, which can be determined from experi-
ments. Two additional state variables g3 and g4 are introduced in
order to include permanent softening effect. In the case of k4 = 1
or k5 = 0 and g3 = g4 = 1, the model predicts no permanent
softening.
The coefﬁcients f1 and f2 control the distortion of the yield sur-
face in stress space. For instance, if the material is initially loaded
in the x direction (or rolling direction), only g1 evolves according to
Eqs. (6) and (7) when permanent softening is ignored. Then, f1
evolves but f2 remains equal to zero. The yield surface correspond-
ing to this state is described by the curve B in Fig. 2, in which the
shape of yield surface is kept unchanged near the loading direction
(controlled by f2), but ﬂattened far from the loading direction (con-
trolled by f1). If the load is reversed in the -x direction, the state
variables evolve according to Eqs. (9) and (10) since s : h^s < 0. In
this case, g2 starts to evolve as well as g1. Then, the yield surface
near the reverse loading direction tends to recover its original
shape while the opposite side (near the previous loading direction)
ﬂattens as the curve C in Fig. 2. Note that the stress–strain behavior
described by HAH is exactly the same as isotropic hardening if the
material is subjected only to monotonic loading.The description of material behavior with the HAH model re-
quires the following sets of coefﬁcients, which should be deter-
mined from the proper experiments:
 Coefﬁcients for the isotropic hardening curve r ¼ HðeÞ. For
instance, K, e0 and n for the Swift law, i.e., r ¼ Kðe0 þ eÞn.
 Coefﬁcients for the isotropic or anisotropic yield function /.
 Exponent q which controls the ﬂatness of yield surface far from
the loading direction.
 Coefﬁcient k which controls the evolution rate of microstruc-
ture deviator.
 Coefﬁcients k1, k2 and k3 which control the evolution of the
reloading ﬂow stress and hardening (g1 and g2).
 Coefﬁcients k4 and k5 which control the evolution of permanent
softening (g3 and g4).
The coefﬁcients for the isotropic hardening curve and stable
yield function can be determined using uniaxial tension tests in
various loading directions and balanced biaxial tests. Other coefﬁ-
cients k1  k5 can be determined from a forward-reverse loading
test, and the coefﬁcient k requires a cross-loading test such as uni-
axial tension followed by tension at 60.
Note that, in the HAH model, there is a discontinuity in the
microstructure rotation when s : h^s ¼ 0. This is explained in more
details in Appendix A. This discontinuity affects the rotation of
the microstructure but does not lead to a singular behavior of
the stress–strain behavior. More work is needed to assess whether
this discontinuity is an issue and requires modiﬁcation of the
model.
2.2. Implementation into FE code
The HAH model was successfully implemented into the ﬁnite
element code Abaqus by Lee et al. (2011a) and the same method
is considered for the current work. Based on the incremental defor-
mation theory (Chung and Richmond, 1993), the strain increments
in the ﬂow formulation can be expressed as the corresponding dis-
crete increments, i.e., de = De, dee =Dee, dep = Dep and de ¼ De
where the superscripts ‘e’ and ‘p’ denote the elastic and plastic
parts of the true strain, respectively. For a given De, the following
strain and stress increments are obtained using the associated ﬂow
Table 1
Mechanical properties of DP780 steel sheet (measured in RD).
E0 (GPa) ma r0b (MPa) r-Value Uniform El. (%) Total El. (%)
198.8 0.3 452 0.78 13.1 19.8
a Assumed.
b Obtained by 0.1% offset strain.
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ity law
De ¼ r : De
p
rðrÞ ¼
r : Dk @r
@r
rðrÞ ¼ Dk ð12Þ
Dep ¼ Dk @r
@r
¼ De @r
@r
ð13Þ
Dee ¼ De Dep ð14Þ
Dr ¼ CDee ð15Þ
where Dk is the plastic multiplier and C is the elastic stiffness ma-
trix. The increments of the state variables Dg1  Dg4 and micro-
structure deviator Dh^s can be expressed as functions of De by the
discrete incremental forms of Eqs. (3)–(11). Then, the condition
for plastic yielding can be expressed as
H ¼ rðrþ Dr; f1 þ Df1; f2 þ Df2; h^s þ Dh^sÞ  Hðeþ DeÞ ¼ 0 ð16Þ
The consistency condition DH = 0 gives the following
relationship
Hþ DH ¼ Hþ @H
@De
dðDeÞ ¼ 0 ð17Þ
or
dðDeÞ ¼  H
@H
@De
ð18Þ
where
@H
@De
¼ @H
@r
@r
@De
þ @H
@H
@H
@De
ð19Þ
@H
@r
¼ @r
@r
;
@H
@H
¼ 1 and @H
@De
¼ C @r
@r
ð20Þ
In the above relationships, the higher order terms caused by the
variation of the stress components with respect to the variation of
the effective strain increment are neglected. Using Eqs. (16)–(20),
the following expression can be obtained
dðDeÞ ¼ H
@r
@rC
@r
@r þ H0ðeÞ
ð21Þ
where H0ðeÞð¼ @HðeÞ
@e Þ is the slope of the isotropic ﬂow curve. The
unknown De which satisﬁes Eq. (16) is obtained by an iterative
algorithm based on the predictor-corrector scheme with the New-
ton–Raphson method. A trial stress is calculated for a given strain
increment Den+1 at the current time step n + 1
rTnþ1 ¼ rn þ CDenþ1 ð22Þ
where the superscript ‘T’ denotes the trial state and the subscripts
‘n’ and ‘n + 1’ represent the previous and current time steps, respec-
tively. If the trial stress satisﬁes the following condition
H ¼ ð/qðrTnþ1Þ þ /qhðrTnþ1ÞÞ
1
q  HðenÞ 6 0 ð23Þ
then, the trial state is considered as elastic and the stress is updated
without further iteration at the current time step. IfH > 0, the state
is elasto-plastic and the effective strain increment is modiﬁed as
follows
ðDenþ1Þðkþ1Þ ¼ ðDenþ1ÞðkÞ þ dðDenþ1ÞðkÞ ð24Þ
where the last term can be obtained with Eq. (21) above. The super-
scripts ‘k’ and ‘k + 1’ denote the previous and current iteration steps,
respectively. The stress, strain and other state variables related to
anisotropic hardening (Dg1  Dg4 and Dh^s) are all updated at every
iteration step and the iteration continues untilH(k+1) < TOL is satis-ﬁed with a prescribed numerical tolerance. Note that the gradient of
the yield surface @r
@r should be carefully determined because the
shape of yield surface changes continuously with the HAH model.
This can be handled using the multi-step Newton–Raphson method
proposed by Lee et al. (2011a).
3. Experiments
The Numisheet 2011 benchmark report (Chung et al., 2011)
provides the experimental details of the U-draw/bending tests
and stress–strain measurements. The following subsections sum-
marize the main procedure for each test.
3.1. U-draw/bending test
A DP780 steel sheet with 1.4 mm thickness was considered and
its basic mechanical properties are given in Table 1. Two kinds of
specimens were prepared for U-draw/bending; one as received
and the other pre-strained 7.8% engineering strain. For the pre-
strained specimens, uniaxial tension tests were carried after which
the grip ends were cut out from the sheet. The dimensions of the
base and pre-strained specimens are shown in Fig. 3. These speci-
mens were then subjected to U-draw/bending (see Fig. 4) with a
blank holding force of 2.94 kN. The punch speed was set to
1.0 mm/s and the ﬁnal punch stroke was 71.8 mm. For lubrication,
P-340N (rust-preventive oil) was applied both on tool and speci-
men surfaces. After tests, the springback proﬁles and parameters
were measured as shown in Fig. 5. Three tests were repeated for
each base and pre-strained material, and it was conﬁrmed that
the results are quite reproducible (this will be shown later in
Fig. 10 in Section 4.2).
3.2. Stress–strain measurement
Uniaxial tension and in-plane tension–compression–tension
(T–C–T) tests were performed for the measurement of the stress–
strain behavior. Uniaxial tension tests followed the JIS13B standard
procedure (Zwick/Roell Catalog for Testing System) with a constant
strain rate of 2.5  104 s1. The tests were conducted along three
different loading directions, i.e., 0, 45 and 90 from the RD. In-
plane T–C–T tests were performed with the specimen of optimized
dimension, using the equipment described in Kuwabara et al.
(2009). In this device, a small holding pressure is applied on both
sides of the specimen in order to prevent buckling. The tests were
conducted for ﬁve different strain ranges, approximately 2%, 4%,
6%, 8% and 10%.
4. Application to U-draw/bending springback
4.1. Prediction of 1-D stress–strain responses
The HAH model, implemented into Abaqus/Standard and
Abaqus/Explicit version 6.10 (ABAQUS, 2010), is used for FE
simulations of U-draw/bending. The anisotropic yield function
Yld2000-2d (see Appendix B) is associated with this model as a sta-
ble component in Eq. (1). Its coefﬁcients, provided in the bench-
mark report (Chung et al., 2011), are listed in Table 2. In
360 mm 
30 mm RD 
324 mm 
360 mm 
30 mm pirGpirG
pirGpirG
310 mm 
Grip displacement: 24.3 mm 
gnittuCgnittuC
(a) 
(b) 
Fig. 3. Dimensions of U-draw/bending specimens for (a) base and (b) pre-strained
materials.
Holder Holder 
2 mm 
54 mm 
50 mm 
R: 5 mm 
R: 7 mm 
89 mm 
89 mm 
Punch 
Die Die 
Blank 
Fig. 4. Tool geometry of U-draw/bending test.
Fig. 5. Measurement of springback parameters.
Table 2
Coefﬁcients for Yld2000-2d with exponent = 6 (see Appendix B).
a1 a2 a3 a4 a5 a6 a7 a8
0.9276 1.0243 0.9622 0.9880 1.0043 0.9165 1.0043 1.0324
Fig. 6. Elastic modulus as a function of plastic true strain.
Table 3
Coefﬁcients for hardening models. See Appendix C for the IH-KH coefﬁcients.
(1) IH
K (MPa) e0 n
1280.23 0.0008 0.146
(2) IH-KH
K (MPa) e0 n
1280.23 0.0008 0.146
K1 (MPa) e1 n1 A (MPa) B (MPa)
743.89 0.19 0.3 170 000 26 500
(3) HAH
K (MPa) e0 n
1280.23 0.0008 0.146
q k k1 k2 k3 k4 k5
2 30 100 90 0.6 0.9 30
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tion of accumulated plastic strain as follows
E ¼ E0  ðE0  EaÞ½1 expðneÞ ð25Þ
with two material coefﬁcients Ea and n. From the elastic moduli
measured at various plastic strain levels, which are provided inthe benchmark report (Chung et al., 2011), Ea and n were deter-
mined to be 167.12 GPa and 97.48, respectively. As shown in
Fig. 6, the unloading modulus rapidly decreases and saturates to
the Ea value as the plastic strain increases. The reduction of the
unloading modulus, (E0  Ea)/E0  100 is 16% after saturation.
The experimental uniaxial tension ﬂow curve was ﬁtted by
Swift law ðr ¼ Kðe0 þ eÞnÞ and its coefﬁcients are given in Table
3. The coefﬁcients k1  k5 of the HAH model, also given in Table
3, were obtained by ﬁtting the experimental T–C–T stress–strain
curves as shown in Fig. 7(c). Since no experimental data were avail-
able to optimize the coefﬁcients q and k, the recommended values
for a DP steel were used (Barlat et al., 2011). For comparison pur-
pose, the isotropic and combined isotropic–kinematic hardening
models (Chung et al., 2005; Lee et al., 2005b) were also considered
for the simulations. The same yield function (Yld2000-2d) and
elastic modulus variation (Eq. (25)) were considered with these
different hardening models. A brief description of the combined
hardening model is provided in Appendix C and the corresponding
coefﬁcients are listed in Table 3 (denoted as ‘IH-KH’). The T–C–T
stress–strain curves predicted by the isotropic and combined hard-
ening models are shown in Fig. 7(a) and (b), respectively.
Fig. 7(a) shows that isotropic hardening always overestimates
the stress after load reversals from tension to compression or vice
versa. In particular, huge differences are observed at the onset of
load reversals. As expected, the Bauschinger effect, transient
behavior and permanent softening are not captured with this mod-
el. In contrast, the combined hardening model is able to capture
the Bauschinger effect and transient behavior as shown in
Fig. 7(b), and therefore, provides a better description of the ﬂow
Fig. 7. Tension–compression–tension stress–strain curves predicted by (a) isotropic
hardening, (b) combined isotropic-kinematic hardening and (c) HAH.
Table 4
Average errors in prediction of T–C–T stress–strain curves.
Pre-strain 2% 4% 6% 8% 10%
Error in IH (%) 37.9 28.4 24.9 18.2 15.4
Error in IH-KH (%) 7.7 3.7 8.1 6.8 9.0
Error in HAH (%) 16.4 7.3 4.4 -0.1 1.6
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ues, however, the predicted ﬂow curve saturates to that of isotro-
pic hardening. The predictions with the HAH model, shown in
Fig. 7(c), are similar to that of the combined hardening, but im-
proved as permanent softening is taken into account. After re-load-
ing in tension again, the stress is overestimated like with the other
models, but the error is smaller.
The combined hardening model used in this work (Chung et al.,
2005; Lee et al., 2005b) is a modiﬁcation of the Chaboche model
(Chaboche, 1986) so that the transient hardening behavior can bedescribed more smoothly and, therefore, more realistically. How-
ever, this model is not able to describe permanent softening as
pointed out by Ahn et al. (2009). It should be noted that the use
of more advanced kinematic hardening models which account for
permanent softening (Ahn et al., 2009; Geng and Wagoner, 2000;
Lee et al., 2007a; Yoshida and Uemori, 2002) can provide better
predictions than what is shown in Fig. 7(b) or (c).
A quantitative comparison of the 1-D T–C–T stress–strain pre-
dictions are given in Table 4 in terms of the errors with respect
to experiments. The errors in stress were averaged at 30 equally
spaced strain values (10 for each loading sequences). It is observed
that the errors with isotropic hardening are the largest at every
strain reversal level. The combined hardening shows relatively
good ﬁts for small reversal strains and the HAH does for large
reversal strains.
The changes of the yield surfaces after reverse loading are also
compared in Fig. 8. In this ﬁgure, the surfaces in the initial state,
after 10% tension and after subsequent 10% compression are plot-
ted. The yield surface only expands for the isotropic hardening, and
it translates and expands for the combined hardening. For the HAH
model, the surface near the loading direction expands while its
opposite side ﬂattens. When the load is reversed, the previously
ﬂattened side expands and recovers its original shape while its
opposite is now ﬂattened. Since the HAH model includes a perma-
nent softening effect, the stress state after compression (marked as
a black circle in Fig. 8) is different from those of other models.4.2. FE simulations of springback
The ﬁnite element model for U-draw/bending was constructed
in Abaqus/Standard (implicit) and Abaqus/Explicit version 6.10.
The implicit code was used for pre-straining and springback, and
the explicit code was used for draw/bending. The constitutivemod-
els described in the previous subsection were implemented into
Abaqus through user material subroutines UMAT and VUMAT
(ABAQUS, 2010). A quarter of the geometry was modeled consider-
ing the process symmetry. The tools (punch, die and blank holder)
were modeled as rigid analytical surfaces and the blank was
meshed with 4-node shell elements with reduced integration
(S4R in Abaqus). A mesh size of 0.5 mm  0.75 mm (length 
width) and nine integration points through the thickness were
determined as optimum values through a series of convergence
tests. The Coulomb friction law was used with a coefﬁcient of 0.1
for all contacts between tool and blank, following the benchmark
committee’s recommendation (Chung et al., 2011).
The simulation of the pre-strained U-draw/bending consisted of
ﬁve steps; (1) pre-straining, (2) unloading, (3) blank holding, (4)
draw/bending and (5) ﬁnal unloading. The ﬁrst two steps, pre-
straining and unloading, were omitted for the case without pre-
strain. After ﬁnal unloading, the springback proﬁles and parame-
ters (as deﬁned in Fig. 5) were determined as shown in Figs. 9
and 10, respectively.
Fig. 9 shows that the isotropic and combined hardening models
tend to predict larger springback than actual amount. The HAH
model also over-predicts springback in the case without pre-strain,
but the error is smaller than the other models. In the case of pre-
strain, the HAH predictions ﬁt the experimental results very well.
Fig. 8. Change of yield surface under in-plane tension–compression (10% strain for
each step) predicted by (a) isotropic, (b) combined hardening and (c) HAH. White
circles indicate the stress states after tension and black circles after compression.
Fig. 9. Measured and predicted springback proﬁles after U-draw/bending (a)
without pre-strain and (b) with pre-strain.
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the hardening models, and all three models reasonably predict the
angles as shown in Fig. 10. However, the variation of sidewall curl
(q) is noticeable, especially between the HAH and IH (or IH-KH)
predictions. Considering that the isotropic and combined harden-
ing do not show much differences in sidewall curl predictions,
the description of permanent softening, which is possible with
the HAH model, seems to be highly inﬂuential for sidewall predic-
tions. However, it is not obvious only by considering the results ofFigs. 9 and 10 if permanent softening actually plays an important
role. This will be further discussed in Section 5.
In order to verify the inﬂuence of the yield function, the same
simulation was conducted with the von Mises isotropic yield crite-
rion instead of Yld2000-2d while the HAH model and unloading
modulus variation in Eq. (25) were not changed. Fig. 11 shows that
the yield criterion has little effect on the springback prediction,
which is probably due to the nearly isotropic yielding behavior of
the material (the anisotropy coefﬁcients are very close to 1 as
shown in Table 2).
Additionally, the effect of the unloading modulus was also
investigated by conducting the simulations with constant elastic
moduli E0 and Ea in Eq. (25). In this case, the HAH model was as-
sumed with Yld2000-2d as its stable component. As compared in
Fig. 12, the use of the initial elastic modulus E0 led to a signiﬁcant
under-prediction of springback, which implies that the inﬂuence of
the unloading modulus is as important as that of the hardening
law. In contrast, the predictions with the saturated elastic modulus
Ea and variable modulus E ¼ EðeÞ showed little difference. This is
easily understood considering that the material is already de-
formed to 7.8% strain during pre-straining, and that the elastic
modulus almost saturates to Ea at this amount of pre-strain (see
Fig. 6).5. Discussion
In the previous section, it was found that springback predictions
considerably vary depending on hardening assumptions, especially
for the sidewall curl. Since the amount of springback is closely re-
lated to the residual stress created during forming, it might be
worth comparing the residual stresses predicted by the different
hardening models. A representative FE element located in the
Fig. 10. Measured and predicted springback parameters after U-draw/bending (a)
without pre-strain and (b) with pre-strain.
Fig. 11. Springback proﬁles predicted with different yield criteria.
Fig. 12. Springback proﬁles predicted with different unloading moduli.
Fig. 13. Stress–strain response of a FE element at the middle of sidewall during U-
draw/bending (a) without pre-strain and (b) with pre-strain. Stresses and strains
were calculated on the bottom surface of shell element.
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response of that element was extracted and shown in Fig. 13. Here,
the stresses and strains were calculated on the bottom surface of
the shell element (the bottom surface is identiﬁed in Fig. 5). In
the pre-strained U-draw/bending, the bottom part of the sidewall
element is deformed through tension (by pre-straining) – com-
pression (as bent over the die corner) – tension (as straightened
along the sidewall) as shown in Fig. 13(b). If there is no pre-strain,
the history becomes compression–tension as shown in Fig. 13(a).
Note that since the restraining force (or blank holding force) is verysmall in this problem, the bottom part of the sheet experiences a
compressive force when it is bent over the die corner.
When the load is reversed from tension to compression or vice
versa, the effective stress suddenly drops and increases again as
observed in Fig. 13(a) and (b). For isotropic hardening, the yield
stress and hardening rate are preserved after load reversals. For
combined hardening, the yield stress is lowered and the hardening
rate changes rapidly at the onset of load reversal, but the ﬂow
stress soon saturates to that of isotropic hardening as reverse load-
ing continues. For the HAH model, the permanent softening is
Fig. 14. Measured and predicted punch load-displacement curves.
Fig. A.1. Illustration for various loading paths and rotation of microstructure
deviator.
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stress at the end of forming becomes much lower. This explains
that, in Fig. 10, the HAH model predicts less sidewall curl (larger
curl radius) than the other models.
The inﬂuence of several aspects of the constitutive model, i.e.,
yield function, hardening model and unloading modulus, were
analyzed for a speciﬁc U-draw/bending problem. However, the
frictional behavior was not fully investigated but simpliﬁed with
the conventional Coulomb law with an assumed constant coefﬁ-
cient. A rough estimate of the friction model can be made from
the punch load-displacement relationships shown in Fig. 14. In
practice, as-received and pre-strained sheets seem to exhibit dif-
ferent frictional behaviors, because a slightly higher punch load
was observed for the pre-strained sheet. However, the Coulomb
law with the same constant coefﬁcient for both materials cannot
describe such a difference in the simulations. Furthermore, the as-
sumed coefﬁcient (l = 0.1) seems to underestimate the friction
effect.
It was expected that a slight modiﬁcation (increase) of the fric-
tion coefﬁcient would improve the prediction results of the punch
load-displacement relationship. In fact, due to low blank holdingforce, the contact between the tool and blank was very weak and
non-uniform throughout the holding region. Under this poor con-
tact condition, a simple change of friction coefﬁcient did not effec-
tively change the simulation result. The springback predictions
presented in this work, therefore, have some inaccuracy due to this
contact problem, but the comparative analysis between the consti-
tutive models is still valid since the contact condition was identical
for all the simulations.
6. Conclusions
In this work, the homogeneous yield function-based anisotropic
hardening (HAH) model was used for springback predictions in U-
draw/bending of as-received and pre-strained DP780 sheets.
Although the HAH is not based on the concept of kinematic hard-
ening, it was able to describe the complex material behavior such
as Bauschinger effect, transient hardening and permanent soften-
ing. Moreover, the springback predictions using the HAH model
were in good agreement with the experimental data in both cases
(with and without pre-strain). For comparison purpose, two more
conventional hardening models, i.e., isotropic and combined iso-
tropic-kinematic, were also applied for the same simulation. It
was found that the predicted results were signiﬁcantly inﬂuenced
by the choice of the hardening model, especially for the sidewall
curl. The inﬂuence of the unloading modulus was found to be as
important as that of the hardening model, but the effect of the
yield criterion was minor for this speciﬁc material. Further investi-
gations are needed for the characterization of the frictional behav-
ior between the tool and the blank, which should be carefully
considered in the simulation as well.
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Appendix A. Discontinuity in microstructure rotation
A two-step loading sequence is assumed with s1 as the ﬁrst step
and either s2, s3, s4 or s5 as the second step (Fig. A.1). For s2 and s4
as a second step, the axis supporting h^s would rotate counterclock-
wise because s : h^s > 0 in both cases. For s3 and s5, it would occur
clockwise since s : h^s < 0. In particular, for cases s4 and s5, the rota-
tions would occur in opposite directions even though s4 : h^s ¼ 0þ
and s5 : h^s ¼ 0 and this is clearly a discontinuity. However, the
continuity of the stress–strain relationship would not be affected
if s : h^s changes sign during a deformation process.
Appendix B. Yield function Yld2000-2d
In plane stress, a non-quadratic anisotropic yield function has a
form (Barlat et al., 2003)
/ ¼ /
0 þ /0
2
 1
a
¼ r ðB:1Þ
where
/0 ¼ jX01  X02ja and /00 ¼ j2X002 þ X 001ja þ j2X001 þ X002ja ðB:2Þ
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1 and 2 indicate their principal values. The transformations of the
Cauchy stress r into X0 and X 00 involve two linear transformations
X 0 ¼ C0s ¼ C0Tr ¼ L0r ðB:3Þ
X 00 ¼ C00s ¼ C00Tr ¼ L00r ðB:4Þ
The transformation T calculates the deviatoric stress s, and other
transformations C0 and C00 induce anisotropy. The products of two
transformations are represented as L0 and L00 which can be ex-
pressed in matrix form as below
X 0xx
X0yy
X0xy
2
664
3
775 ¼
L011 L
0
12 0
L021 L
0
22 0
0 0 L066
2
64
3
75
rxx
ryy
rxy
2
64
3
75 ðB:5Þ
X 00xx
X00yy
X00xy
2
64
3
75 ¼
L0011 L
00
12 0
L0021 L
00
22 0
0 0 L0066
2
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3
75
rxx
ryy
rxy
2
64
3
75 ðB:6Þ
L011
L012
L021
L022
L066
2
6666664
3
7777775
¼
2=3 0 0
1=3 0 0
0 1=3 0
0 2=3 0
0 0 1
2
6666664
3
7777775
a1
a2
a7
2
64
3
75 ðB:7Þ
L0011
L0012
L0021
L0022
L0066
2
6666664
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9
2 2 8 2 0
1 4 4 4 0
4 4 4 1 0
2 8 2 2 0
0 0 0 0 9
2
6666664
3
7777775
a3
a4
a5
a6
a8
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ðB:8Þ
The anisotropy coefﬁcients a1  a8 can be determined from uni-
axial tension tests in various loading directions and balanced biax-
ial tension tests such as bulge or disk compression tests. The
calculation of coefﬁcients is not straightforward but requires a
numerical solver such as the Newton-Raphson method. The isotro-
pic condition is recovered when all the ai (for i from 1 to 8) are re-
duced to 1. For the yield function exponent, a = 6 is recommend for
BCC and a = 8 for FCC materials (Hosford, 1979; Logan and Hosford,
1980).
Appendix C. Combined isotropic-kinematic hardening model
A yield surface of ﬁrst-order homogeneous function is ex-
pressed as
/ðr aÞ  riso ¼ 0 ðC:1Þ
Here, the back stress a represents the translation of yield sur-
face from the initial position, and the effective yield stress riso
measures the size of yield surface. The effective quantities of yield
stress (riso), back stress (~a) and strain increment (de) are deﬁned by
the plastic work equivalence principle
dw ¼ ðr aÞ : dep þ a : dep ¼ risodeþ ~ade ðC:2Þ
Therefore, riso and ~a can be obtained from the initial effective
stress (in a relationship dw ¼ r  dep ¼ rde) by replacing r with
r – a and a, respectively.
In the modiﬁed Chaboche-type kinematic hardening (Chung
et al., 2005), the back stress increment can be decomposed into
two parts
da ¼ da1  da2 ðC:3Þwhere
da1 ¼ da1 r ariso ¼ h1d
e
r a
riso
ðC:4Þ
da2 ¼ da2a ¼ h2dea ðC:5Þ
Here, h1 ¼ da1de and h2 ¼ da2de are used. In the uniaxial stress state along
the x direction, the stress increment becomes
drxx ¼ da1;xx  da2axx þ driso ðC:6Þ
where da1,xx is the x component of da1. For the second term on the
right hand side, the negative sign is for loading and the positive sign
for unloading. Therefore, h1 and h2 can be written as
h1 ¼ 12
dðrxx  risoÞ
de
 
unloading
þ dðrxx  risoÞ
de
 
loading
" #
ðC:7Þ
h2 ¼ 12
d rxx  risoð Þ
de
 
unloading
 dðrxx  risoÞ
de
 
loading
" #
ðC:8Þ
From the measured tension–compression (or compression–ten-
sion) stress–strain curves, the effective yield stress and back stress
are obtained
riso ¼ rf  rr2 and ~a ¼
rf þ rr
2
ðC:9Þ
at each unloading position, where rf is the yield stress at the start of
unloading and rr is the initial yield stress during reverse loading (a
proper deﬁnition of rr is necessary, for example, 0.1% offset strain
method was used in this work). The measured riso and ~a can be ﬁt-
ted by proper functions, for instance,
riso ¼ K1ðe1 þ eÞn1 ðC:10Þ
~a ¼ Kðe0 þ eÞn  K1ðe1 þ eÞn1 ðC:11Þ
so that the summation of riso and ~a recovers the isotropic ﬂow
curve r ¼ Kðe0 þ eÞn. The hardening rates for loading, ðdrxxde Þloading,
and unloading, ðdrxxde Þunloading, can be also measured from experimen-
tal stress–strain curves at each unloading point. Knowing that
riso ¼ risoðeÞ in Eq. (C.10), h1 and h2 can be calculated by Eqs. (C.7)
and (C.8). For the implementation, h1 can be ﬁtted with a proper
function, for instance,
h1 ¼ Aeþ B ðC:12Þ
and h2 is automatically determined from h1 as
h2 ¼
h1  d~ade
~a
ðC:13Þ
from a relationship d~ade ¼ d
a1
de  ðda2de Þ~a.
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